Abstract. We establish an equivalence between the stable category of coherent sheaves (satisfying a mild restriction) on a projective space and the homotopy category of a certain class of minimal complexes of free modules over the exterior algebra Koszul dual to the homogeneous coordinate algebra of the projective space. We also relate these complexes to the Tate resolutions of the respective sheaves. In this way, we extend from vector bundles to coherent sheaves the results of G. Trautmann and the author [9] , which interpret in terms of the BGG correspondence the results of Trautmann [23] about the correspondence of Horrocks [15] , [16] . We also give direct proofs of the BGG correspondences for graded modules and for coherent sheaves and of the theorem of Eisenbud, Fløystad and Schreyer [12] describing the linear part of the Tate resolution associated to a coherent sheaf. Moreover, we provide an explicit description of the quotient of the Tate resolution by its linear strand corresponding to the module of global sections of the various twists of the sheaf.
Introduction
Two locally free sheaves E and E ′ on the projective space P n over a field k are stably equivalent if there exist finite direct sums of invertible sheaves O P (a), a ∈ Z, L and
. . , X n ] be the homogeneous coordinate ring of P n . P n being a quotient of V \ {0}, where V = k n+1 , S can be identified with the symmetric algebra S(V * ) of the dual vector space V * . Let Λ := (V ) be the exterior algebra of V . For 0 < i < n, the graded S-module H i * E := d∈Z H i (E(d)) is an invariant for stable equivalence. However, these cohomology S-modules alone do not determine uniquely the stable equivalence class of E. G. Horrocks [15] showed that the stable equivalence class is determined by these modules an by a sequence of extension classes. Unfortunately, the arguments of the group Ext 1 in which anyone of these extension classes lives depend on the previous extension classes. This inconvenience was removed by G. Trautmann [23] who showed that the stable equivalence class is determined by a system of matrices whose entries are (essentially) elements of the exterior algebra Λ. Trautmann's approach is related to the approach from Horrocks' paper [16] .
I. COANDȂ
The meaning of the matrices considered by Trautmann was clarified, following a suggestion of W. Decker, by Trautmann and the author in [9] using the Bernstein-Gel'fandGel'fand functors. These functors originate in the following easy observation: giving a linear complex of graded free S-modules:
is equivalent to giving a (left) Λ-module structure on the graded k-vector space N := p∈Z N p . One denotes the above complex by F(N). Similarly, to a graded S-module M one can associate a linear complex G(M) of graded free Λ-modules:
where one considers on the exterior algebra (V * ), graded such that V * has degree −1, the structure of left Λ-module defined by contraction. The technical reason for which one uses (V * )(p) instead of Λ(p) is that F( (V * )) is the Koszul resolution of S/(X 0 , . . . , X n )
The idea of I.N. Bernstein, I.M. Gel'fand and S.I. Gel'fand [4] was to extend these functors to complexes of modules by the formula F(N • i=1 H i (E(p − i)) ⊗ k (V * )(p − i) and let λ be its differential. The first main result of the paper [9] asserts that the stable equivalence class of E is determined by a perturbation d = λ + δ of λ obtained by addition of terms of degree ≥ 2. Here "perturbation" means that d • d = 0, i.e., G
• := ((G p ) p∈Z , d) is a complex, and "obtained by addition of terms of degree ≥ 2" means that:
The second main result of [9] relates the Horrocks correspondence to the BGG correspondence via the results of Eisenbud, Fløystad and Schreyer [12] about Tate resolutions over the exterior algebra. Let F be a coherent sheaf on P n . Eisenbud et al. [12] show that there is a unique (up to isomorphism) perturbation of the differential of the linear complex n i=0 T −i G(H i * F ) obtained by addition of terms of degree ≥ 2 such that the resulting complex I
• is acyclic. It is shown in [9] that the complex G • which determines the stable equivalence class of a locally free sheaf E can be obtained from its Tate resolution I
• by removing the linear strands G(H 0 * E) and T −n G(H n * E). In this paper, we generalize the results from [9] to the case of coherent sheaves using different, more natural, arguments: while in [9] one avoids the use of the BGG correspondence, the proofs in the present paper depend on it. In the first section we show that, using arguments close to the arguments of Horrocks [15] , one can extend from vector bundles to coherent sheaves the splitting criterion of Horrocks and his criterion of stable equivalence. The extension to coherent sheaves of the first criterion is a result obtained recently by Abe and Yoshinaga [1] (see, also, Bertone and Roggero [5] ).
In the second section we introduce and prove the properties of the BGG functors needed in the proof of the Horrocks correspondence. These are : (1) the BGG equivalence between the bounded derived category of finitely generated graded S-modules and the corresponding category of Λ-modules, for which we provide a direct proof, avoiding the use of Koszul duality; (2) the easy half of the Koszul duality phenomenon which says that if N is a graded Λ-module then GF(N) is a right resolution of N with graded free Λ-modules; (3) using, additionally, the functors Hom S (−, S) for S-modules and Hom k (−, k) for Λ-modules, one deduces, modulo some unpleasant sign problems, a functorial (left) free resolution for every Λ-module N; (4) a key technical point of the paper of Eisenbud et al. [12] describing the linear part of the minimal complex associated to a complex of free modules of the form
The last result is a consequence of a general lemma about double complexes, see [12] , (3.5) . We explain, in Appendix A, that this lemma is a particular case of a general lemma well-known in homotopy theory under the name of Basic Perturbation Lemma.
In the third section we establish the Horrocks correspondence for coherent sheaves. It asserts that the stable category of coherent sheaves F on P n with the property that H 0 F (−t) = 0 for t >> 0 is equivalent to the homotopy category of minimal complexes G
• of graded free Λ-modules whose linear part is of the form
, where H i is the k-vector space graded dual of a finitely generated graded S-module of Krull dimension ≤ i + 1. This is equivalent to the fact that G
• is minimal and satisfies the following three conditions:
In the fourth section we relate the Horrocks correspondence and the BGG correspondence. We first give a direct proof of the BGG description of the bounded derived category of coherent sheaves on P n . This proof is based on an elementary comparison lemma which is discussed in Appendix B. Using the comparison lemma we also get a quick proof of the theorem of Eisenbud, Fløystad and Schreyer [12] , Theorem 4.1., about Tate resolutions of coherent sheaves on P n . Moreover, we provide a concrete description of the quotient
• is the Tate resolution of a coherent sheaf F with H 0 (F (−t)) = 0 for t >> 0. Using this concrete description we derive that the complex G
• associated to F by the Horrocks correspondence can be obtained from its Tate resolution I
• by removing the linear strands G(H 0 * F ) and T −n G(H n * F ).
Notation. Throughout this paper, V will denote an (n + 1)-dimensional vector space over a field k, e 0 , . . . , e n a fixed basis of V and X 0 , . . . , X n the dual basis of V * := Hom k (V, k).
. . , X n ] be the symmetric algebra of V * and S + = i≥1 S i (V * ) its irrelevant homogeneous ideal. We denote by S-Mod the category of graded S-modules with all the homogeneous components finite dimensional vector spaces, and with morphisms of degree 0. S-mod denotes the full subcategory of S-Mod consisting of finitely generated graded S-modules, and P denotes the full subcategory of S-mod consisting of its free objects.
(ii) If M is an object of S-mod, the finitely generated S-module M ∨ := Hom S (M, S) has a natural grading given by (
If M is an object of S-Mod, the graded dual vector space M * := d∈Z Hom k (M −d , k) has a natural structure of graded S-module.
∧V be the (positively graded) exterior algebra of V .
∧V is an ideal of Λ. Let k denote the quotient Λ/Λ + . We denote by Λ-mod the category of finitely generated graded left Λ-modules with morphisms of degree 0, and by I its full subcategory consisting of free objects.
If N ∈ Ob(Λ-mod), soc(N) denotes the submodule of N consisting of the elements annihilated by Λ + . It can be identified with Hom Λ (k, N). Remark that soc(Λ) = n+1 ∧ V .
(iv) Let P = P n = P(V ) denote the (classical) projective space parametrizing the 1-dimensional vector subspaces of V . The homogeneous coordinate ring of P is S. We denote by Coh P the category of coherent sheaves on P and by (−) ∼ : S-mod → Coh P the functor of Serre [21] associating to a graded S-module its sheafification. If F is a coherent sheaf on P and 0 ≤ i ≤ n we shall denote by H i * F the graded S-module d∈Z H i (F (d)).
(v) We denote by C(A), C b (A), C ± (A) the categories of complexes in an abelian category A, by K(A), K b (A), K ± (A) the corresponding homotopy categories, and by D(A), D b (A), D ± (A) the corresponding derived categories. "T" will denote the translation functor and "Con" the mapping cone. When A is S-mod or Λ-mod or Coh P we shall use the shorter notation C(S), C(Λ), C(P) etc.
Our main reference for category theory will be Chapter I of the book of Kashiwara and Schapira [18] . One may also use the books of Kashiwara and Schapira [19] or Gel'fand and Manin [13] .
Two criteria of Horrocks
In this section we include proofs of two introductory results which extend to coherent sheaves the splitting criterion of Horrocks for vector bundles on projective spaces and his criterion characterizing stable equivalences in the same context. There are (at least) two recently published proofs of the first result in Abe and Yoshinaga [1] and Bertone and Roggero [5] . We follow, however, Horrocks' original approach. It is based on the next theorem, which is usually proved using local cohomology and local duality (see, for example, [11] , (A.4.1.) and (A.4.2)). We shall give, for the reader's convenience, a direct proof avoiding the use of local cohomology.
1.1. Theorem. (Graded Serre Duality) If M is a finitely generated graded S-module then there exist an exact sequence:
One knows that H n (ω P ) ≃ k and that, ∀a ∈ Z:
It follows that if L is a free graded S-module of finite rank then there exists a functorial isomorphism:
be the cokernel of
One has short exact sequences:
We consider the complex H
Since H p * L −j = 0 for 0 < p < n, ∀j, one deduces easily, using the sheafifications of the exact sequences (1) , that:
and that one has exact sequences:
hence:
Finally, applying the Snake Lemma to the diagram:
is free and the sequence:
is split exact. It follows that the dual sequence:
is exact. One gets an exact sequence:
from which we deduce that the projective dimension of M is ≤ m−1, a contradiction.
1.3. Theorem. (Horrocks' splitting criterion) Let F be a coherent sheaf on P n with the property that
Proof. By hypothesis, M := H 0 * F is a finitely generated graded S-module. It follows that M → H 0 * M is an isomorphism. One deduces, now, from the hypothesis and from Theorem 1.1., that Ext i S (M, ω S ) = 0, ∀i > 0. It follows, from Lemma 1.2., that M is a graded free S-module, hence a direct sum of graded S-modules of the form S(a), a ∈ Z.
1.4. Theorem. (Horrocks' criterion of stable equivalence) Let φ : F → G be a morphism of coherent sheaves on P n , n ≥ 2, with the property that H 0 φ(−t) is an isomorphism for t >> 0. If H i * φ is an isomorphism for 0 < i < n then φ factorizes as:
where the first morphism is the canonical inclusion, A and B are finite direct sums of invertible sheaves O P (a), a ∈ Z, and the last morphism is the canonical projection.
Proof. Choose m ∈ Z such that H 0 φ(−t) is an isomorphism for t > m and let
. Choose an epimorphism g : A → N, with A a finitely generated graded free S-module. Let π : F ⊕ A → G be the epimorphism defined by φ and g and let B be the kernel of π. Using the exact sequence:
one sees that B satisfies the hypothesis of Theorem 1.3., hence B is a direct sum of invertible sheaves O P (b), b ∈ Z, and, consequently, B := H 0 * B is a graded free S-module. Applying H 0 * to the exact sequence (*) and cancellating the isomorphism j<−m H 0 F (j)
one gets a short exact sequence:
φ is an isomorphism, it follows from Theorem 1.1. that:
is surjective, hence the exact sequence (**) splits.
2. The BGG functors 2.1. Definition. When dealing with the category Λ-mod one encounters sign problems. In order to avoid any complication we shall observe strictly the Koszul sign convention (when two homogeneous symbols ξ and η are permuted the result is multiplied by (−1)
In particular, we put, for a ∈ Z, N(a) := k(a) ⊗ k N. The grading of N(a) is given by N(a) p = N p+a and the Λ-module structure by: (ii) If K, N ∈ Ob(Λ-mod) the graded k-vector space Hom k (N, K) has a structure of left Λ-module given by:
In particular, for K = k, one puts
is an isomorphism in Λ-mod. In particular, for a ∈ Z, one gets an isomorphism in Λ-mod α :
Under these identifications, if v ∈ V and a ∈ Z, the dual of the morphism (v · −) N :
, with the structure of graded left Λ-module given by:
The following lemma, whose standard proof can be found, for example, in [8] , (4)(i), shows, in particular, that, ∀a ∈ Z, (V * )(a) is an injective object of Λ-mod.
2.2. Lemma. ∀N ∈ Ob(Λ-mod), ∀a ∈ Z, the map:
or, equivalently, by:
Proof. Recalling the Definition 2.1.
In particular, for λ = φ −a−1 (y), since φ is a morphism in Λ-mod:
. G can be extended, in a similar way, to a functor G :
(iii) F and G commute with the translation functors and with mapping cones.
Definition. Let Φ :
A op → B be an additive contravariant functor between two additive categories A and B. If
Using the notations from the last part of Definition 2.5., assume that, ∀m ∈ Z, the set
is defined by:
. For the general case, one takes into account the sign convention at the end of Definition 2.1.(i).
One deduces that, using the last part of Definition 2.5., F(N
Recalling the Definition 2.5., it follows that G N * (M * ) is isomorphic to a complex whose terms coincide with the terms of G N (M) * but whose differential equals "− the differential of G N (M) * ". Using Lemma 2.6., one deduces now, for every complex
Secondly, if M ∈ Ob(S-Mod) and a ∈ Z then, taking into account the sign convention at the end of Definition 2.1.
Since G := G (V * ) one gets, recalling the isomorphisms at the end of Definition 2.1.(iv), the first isomorphism from the statement. The second isomorphism follows from (a).
(ii) Similarly, let I • ∈ Ob C(I). One may write (by the last part of Definition 2.1.(iv))
For m ∈ Z, one puts:
Alternatively, F m I i is the Λ-submodule of I i generated by the homogeneous elements of degree ≤ m−i−n−1. The complex I
• is called minimal if Im
(iii) If two minimal complexes from C(I) are isomorphic in K(I) (i.e., are homotopically equivalent) then they are isomorphic in C(I) (see, for example, [9] , (4.2.)).
The following result, which is a direct consequence of Lemma A.7. from Appendix A, is one of the key points of the paper of Eisenbud, Fløystad, and Schreyer [12] .
, p ∈ Z, and with the differential equal to 0. Moreover, this contraction induces, ∀m ∈ Z, a contraction of
The next theorem is the Bernstein-Gel'fand-Gel'fand correspondence for graded modules. We include here a direct proof, which does not use Koszul duality. We use, instead, the Comparison Lemma B.1. from Appendix B.
is acyclic. By Lemma 2.9.(a), the complex Con(F(φ)) = F(Con(φ)) is homotopically equivalent to 0, whence F(φ) is a homotopic equivalence. One deduces that F extends to a functor F :
We show, firstly, that this functor is fully faithful, i.e., that if
We endow N • and N ′• with the filtrations
If, ∀i, j ∈ Z, the map:
would be bijective for i − j − 1 ≤ p ≤ i − j + 1 then Lemma B.1., applied to the functor F :
, would imply that (*) is bijective. Now, if K and K ′ are two objects of Λ-mod then:
as one can easily see using the fact that Hom On the other hand, Hom
, ∀i ∈ Z, and F(K ′ ) can be endowed with the filtration σ ≥i F(K ′ ), i ∈ Z, with successive quotients 
Actually, the authors of [4] prove something more, namely that one can get a quasiinverse to F by applying G and then taking convenient truncations (see Beilinson et al. [3] , (2.12.) for a detailed proof). We shall only need the easy half of this fact, which is the content of the following:
Proposition. There exists a functorial quasi-isomorphism
Proof. We consider, firstly, the case of an object N of Λ-mod. In this case it turns out that GF(N) is an injective resolution of N in Λ-mod. Indeed, by definition,
be the morphism corresponding, according to Lemma 2.2., to (−1) p id Np , and let β : N → GF(N) 0 be the morphism defined by β p , p ∈ Z. We want to check that d 0 GF(N ) • β = 0. This is equivalent to the fact that, ∀p ∈ Z, the diagram:
anticommutes. According to Lemma 2.2., this is equivalent to the fact that the diagram:
anticommutes. But, according to Remark 2.3., β
We have thus defined a morphism of complexes β : N → GF(N). In order to show that it is a quasi-isomorphism, one may assume, by induction on dim k N, that N = k(a) for some a ∈ Z, and then that a = 0, i.e., that N = k. In this case F(k) = S and the complex G(S):
is an injective resolution of k in Λ-mod, as one can easily check using the fact that the Koszul complex
is a (free) resolution of S/S + in S-mod. 
Corollary. ∀N
• ∈ Ob C b (Λ-mod), there exists a functorial quasi-isomorphism:
Proof. By Proposition 2.11., there exists a functorial quasi-isomorphism N • * → GF(N • * ) and, by Lemma 2.7.
3. The Horrocks correspondence
consisting of the morphisms factorizing through an object of P. The stable category S-mod has, by definition, the same objects as S-mod, but the groups Hom are given by:
(ii) Similarly, using the full subcategory P of Coh P consisting of finite direct sums of invertible sheaves O P (a), a ∈ Z, one defines the stable category Coh P.
Definition. A complex K
• ∈ Ob C b (P) is called a Horrocks complex if it satisfies the following equivalent conditions:
Here "dim" stands for "Krull dimension". The equivalence of these conditions follows from Lemma 3.3. below. Condition (1) implies that if K ′• ∈ Ob C b (P) is homotopically equivalent to a Horrocks complex then it is a Horrocks complex.
Let M ∈ Ob(S-mod) and let L
• (resp., L ′• ) be a free resolution of M (resp., M ∨ ) in Smod. One can concatenate the complexes
The dual K • of the resulting complex is a Horrocks complex. We call it a Horrocks resolution of M.
3.3. Lemma. Let A be a Noetherian (commutative) ring and let P
• be a left bounded complex of finitely generated projective A-modules. Then the following conditions are equivalent:
Proof. (i)⇒(ii) Let i > 0 and let p ∈ Spec A with depth A p < i.
. Condition (i) implies that M has finite projective dimension. Now, the Auslander-Buchsbaum formula implies that the projective dimension of the 
is exact. We assert that Ass(N) ⊆ Ass(A). Indeed, let p ∈ Ass(N) and let d := depth A p . It follows from the Auslander-Buchsbaum formula that the projective dimension of the
. If p ∈ Ass(A) then, by (ii), the sequence:
is exact. Since it consists of free A p -modules, its dual is also exact. In particular, it follows that H −1 (P • ) p = 0. One deduces that Ass(H −1 (P • )) = ∅, i.e., H −1 (P • ) = 0.
Theorem. The functor
induces a functor C −1 : K b (P) → S-mod which, restricted to the full subcategory H of K b (P) consisting of Horrocks complexes, is an equivalence of categories.
The fact that C −1 | H is fully faithful follows from the more general Lemma 3.5. below. The fact that C −1 | H → S-mod is essentially surjective was already observed in the last part of Definition 3.2..
is surjective and induces an isomorphism:
∨ . Now, one uses the following two elementary facts:
) then the morphism of augmented complexes:
is homotopic to 0.
is a Horrocks complex if and only if the linear part of a minimal free resolution of N • in Λ-mod is of the form
, where H i is the k-vector space graded dual of a finitely generated graded S-module of Krull dimension ≤ i + 1, i = −1, . . . , n − 1.
Proof. Let us denote F(N
• ) by K • . By Corollary 2.12. and by Lemma 2.9.(b), the linear part of a minimal free resolution of N
• is isomorphic to i∈Z T −i G(H i ), where
One can now conclude, using condition (2) from Definition 3.2..
Definition. A minimal complex G
• ∈ Ob C − (I) with H p (G • ) = 0 for p << 0 is called a Horrocks-Trautmann complex if it satisfies the following conditions (compare with [9] , (1.6.)):
is a Horrocks-Trautmann complex if and only if its linear part is of the form
, where H i is the k-vector space graded dual of a finitely generated graded S-module of Krull dimension ≤ i + 1, i = 1, . . . , n − 1.
Proof. The equivalence can be proved by applying to G
• * the following:
Assertion. For a minimal complex I • ∈ Ob C + (I), the following conditions are equivalent:
, where M i is a finitely generated graded S-module, ∀i ∈ Z.
hence, since every free object of Λ-mod is an injective object of this category, they are isomorphic in K + (I) and consequently, by (2.8.)(iii), isomorphic in C + (I). One deduces that the linear part of σ ≥m I
• is isomorphic to i∈Z
• be a finite free resolution of M in S-mod. G(M) and G(L • ) are quasi-isomorphic (even homotopically equivalent). Since G(S) is a right free resolution of k in Λ-mod (see the proof of Proposition 2.11.) it follows that H p (G(L • )) = 0 for p >> 0.
3.9. Theorem. There exists an equivalence of categories between the full subcategory HT of K − (I) consisting of Horrocks-Trautmann complexes and the full subcategory of Coh P(V ) consisting of the coherent sheaves F with the property that H 0 (F (−t)) = 0, for t >> 0.
Proof. The equivalence from the statement will appear as a composition of previously established equivalences.
(1) Let B be the full subcategory of Coh P(V ) consisting of the coherent sheaves with the property from the statement. Let A be the full subcategory of S-mod consisting of the modules of projective dimension ≤ n − 1. Using Theorem 1.1. (Graded Serre Duality) one sees that the functor (−) ∼ : S-mod → Coh P(V ) induces an equivalences of categories between A and B. Moreover, this equivalence induces an equivalence between the correponding full subcategories A and B of S-mod and Coh P(V ), respectively. 
Example. (Eilenberg-MacLane sheaves)
Let 0 < i < n and let E be a finitely generated graded S-module of Krull dimension ≤ i + 1. Consider a minimal free resolution of E in S-mod:
Applying Lemma 3.3. to
is a Horrocks complex. It is a Horrocks resolution of
. M has a minimal free resolution: We denote by Λ-mod the stable category of Λ-mod with respect to its full subcategory I consisting of free objects (see Definition 3.1.).
Lemma. If N, N
′ ∈ Ob(Λ-mod) then, ∀p ≥ 1:
Proof. The lemma is an immediate application of Lemma B.4., taking into account that H i (O P (a)) = 0 for i > 0, i = n, ∀a ∈ Z, and H n (O P (a)) = 0, ∀a ≥ −n.
Proof. By the BGG correspondence for graded modules Theorem 2.10.:
and, on the other hand, it is obvious that:
It only remains, now, to apply Lemma 4.2..
The following theorem is the Bernstein-Gel'fand-Gel'fand correspondence for coherent sheaves on projective spaces. We include here a direct proof of this result.
Proof. L( (V * )) is the tautological Koszul complex on P(V ):
We firstly show that the induced functor is fully faithful. Let N, N ′ ∈ Ob(Λ-mod). We have to show that the morphism:
is surjective and that its kernel consists of the morphisms factorizing through a free object of Λ-mod. Consider an exact sequence 0 → K → P → N → 0 with P a free object of Λ-mod. From Lemma 4.2.:
and
deduced (see [8] , (2)(i),(ii)) from the semi-split short exact sequence:
one gets a commutative diagram with exact rows:
By Lemma 4.2., the vertical arrow from the right hand side of the diagram is an isomorphism. Moreover, Hom D(P) (L(N ′ ), L(P )) = 0 because L(P ) is acyclic. Since the vertical arrows in the commutative diagram:
are clearly isomorphisms, one deduces that the morphism (*) is surjective and that its kernel consists of the morphisms factorizing through P → N.
The essential surjectivity of L : Λ-mod → D b (P) can now be checked, in a well-known manner, using the following observations:
(1) By what have been proved, the image of L is a full subcategory of D b (P).
(2) If N ∈ Ob(Λ-mod) and one considers a short exact sequence 0 → N → I → Q → 0 with I a free object of Λ-mod then the connecting morphism w : L(Q) → TL(N) deduced (see [8] , (2)(ii)) from the semi-split short exact sequence:
is a quasi-isomorphism because L(I) is acyclic. Similarly, considering a short exact sequence 0 → K → P → N → 0 with P a free object of Λ-mod one gets a quasi-isomorphism
(3) Let u : N ′ → N be a morphism in Λ-mod. Consider an embedding v : N ′ → I ′ of N ′ into a free object I ′ of Λ-mod and define C ∈ Ob(Λ-mod) by the short exact sequence:
By applying L to this short exact sequence one gets a semi-split short exact sequence,
Using these observations and the fact that every coherent sheaf on P(V ) has a finite resolution with finite direct sums of invertible sheaves O P (a), one deduces immediately (as, for example, in the last part of the proof of [8] , Theorem 7) that L : Λ-mod → D b (P) is essentially surjective.
Corollary. ([4], Remark 3 after Theorem 1) For every
For a proof see, for example, [8] ,(8).
Corollary. If F
• and N are as in Corollary 4.5. then, ∀i ∈ Z,
as S-modules (where H denotes the hypercohomology).
Proof.
For every j one has:
hence it remains to show that for j ≥ −i:
or, equivalently, that:
For j > −i this follows from Lemma 4.2.. For j = −i, the above morphism can be identified with the morphism:
. By Theorem 4.4., the last morphism is surjective and its kernel consists of the composite morphisms k(−i) → P → N with P a free object of Λ-mod. But the image of k(−i) → P must lie in soc(P ) = soc(Λ) · P . Since N is annihilated by soc(Λ), any such composite morphism must be 0.
4.7. Definition. Let N be an object of Λ-mod annihilated by soc(Λ). Let P
• (resp., P ′• ) be a minimal free resolution of N (resp., N * ) in Λ-mod. By concatenating the complexes P ′• and T −1 (P • * ) using the composite morphism P ′0 ։ N * ֒→ P 0 * one gets an acyclic complex which is minimal (since N * is annihilated by soc(Λ), the image of the above composite morphism is contained in Λ + · P 0 * ). The k-vector space dual I • of this complex (see Definition 2.5.) is called a Tate resolution of N.
The next theorem, which is one of the main results of the paper of Eisenbud, Fløystad and Schreyer [12] , is a direct consequence of Corollary 4.6.. 
It follows now, from the last part of Lemma 2. 
The Horrocks-Trautmann complex corresponding to F is obtained as follows: one consid- Using the exact sequence (*), one gets a quasi-isomorphism:
) and then a quasiisomorphism:
One deduces, now, from (a) and from the last part of Lemma 2.9. (b) , that the contraction
a complex Y • with terms given by formula (1) from the statement and with differential:
The explicit formulae from (A.6.) allows one now to check easily the other assertions from the lemma.
